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Projection Methods

» A is n x n real matrix

» Idea: approximate solution £ € zy + K such that b — AZ L £

To:b—AZI:O
<r19g—AS,w>=0 Yw e L
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Projection Methods

» Two classes of projections:

» Oblique
» Orthogonal £L =K

» Matrix Representation

» V =[v1-- Up] basis for £
> W =[w;--- Wp] basis for £

T =2+ Vy
WTAVYy = WTn
t=xz+ V(WTAV) W T,

» WTAV non-singular

» never compute Mat-Mat products
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Projection Methods

Theorem
WTAV is non-singular in case :

» A s positive definite and L = K
> A is non-singular and L = AK <— W = AVG

Theorem
Z is the optimal solution in the above cases : min ||Az — b||
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Krylov Subspace

Km(A,10) = span{ro, Aro, A%ro,..., A" Tro}
b— Az -0

To

» Krylov subspace methods K = I,
» Different methods have different choices of £,,
» Idea:A"1b ~ p(A)b
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Arnoldi Iteration

» Based on Gram-Schmidt orthogonalization

Choose v; where ||v;|=1
for j=1:m do
w; = A’U]'
for :=1:7 do
hi =< wj, v; >
w; = wj — hz'j'Uj

end
hivi; = llwill2
if hj11,;=0 then
| Stop
end
Vit1 = Wi/ hjt1,;
end
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Arnoldi Iteration

j
his1vie1 = Av = ) by
=1

Jj+1
A'Uj:Zhij’Uj j:1,2,...m

=1

AVy = Vi Hyy + wme',z; = m+1f7[m
V.IAV,, = H,

H,, is (m + 1) x m Hessenberg matrix

vV v v VY

Vim and V41 Orthonormal matrices
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Arnoldi Iteration

» (FOM) Arnoldi method for linear systems
> K =L=Kn(4 )
» VAV, = Hy,
> Viro = Vi (|Irol|v1) = Bex

Tm = 2o + mem
Ym = Hy' (Ber)

» Flavors:
» CGS
» MGS
» Householder : QR factorization of [v1, Avs, ..., AvUn]
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Arnoldi Iteration

Full orthogonalization method:
» Computational and storage cost to orthogonalize against previous v;

» Truncation

new

> Restart with zj

= Q:m
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GMRES

> K=K, and £ = AK,,
> Idea: min||b — Az||s for z = 29 + Vi y

b—Az =b— Az + Vny)
=1 — AVny
= fu — Vm+lﬁfmy

Vingy1(Ber — Hpy)

= |[b— Az[[ = ||fer -

Hyyl|
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GMRES

T = T+ VinYm

Ym = argminy||Be; — Hnyl|2

Wo = AV,
(m + 1) x m LSQ problem
H,, can be transformed to upper triangular via a series of rotations

Flavors: Householder variant is more stable

vV v v Vv Vv

if A is symmetric : Lanczos method
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Lanczos

» What if A is symmetric ?
» H, = V,IAV,, is symmetric
» H,, is tridiagonal (think of storage and computation effort)
» Arnoldi iteration is simplified: a; = hy; and B; = hj_1;
Set ,61 = 0, U = 0, ||’Ul|| =1 for jzlm do
w; = Avj — fvj1
a; =< w;, v >
Wj = wWj — ;Y5

Biv1 = |lwjl| if Bjt1,;=0 then

Stop
end
Vit1 = Wi/ Bj+1

end
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What remains ...

» CG ( Symmetric positive definite A)
» BiCG (non-Symmetric A)

» Convergence of CG, GMRES

» Block Krylov methods
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